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Highly oscillatory integrals, such as those involving Bessel functions, are best evaluated analytically
as much as possible, as numerical errors can be difficult to control. We investigate indefinite integrals
involving monomials in x multiplying one or two spherical Bessel functions of the first kind jl(x)
with integer order l. Closed-form solutions are presented where possible, and recursion relations
are developed that are guaranteed to reduce all integrals in this class to closed-form solutions.
These results allow for definite integrals over spherical Bessel functions to be computed quickly and
accurately. For completeness, we also present our results in terms of ordinary Bessel functions, but
in general, the recursion relations do not terminate.
I. INTRODUCTION
In a model of early universe physics, we encountered integrals of the form∫
dx f(x)jl(αx) and
∫
dx f(x)jk(αx)jl(βx) (1)
when attempting to compute the covariance between the spherical harmonic modes of a field. Here, jl(x) is
the spherical Bessel function of the first kind, and we were interested in integers k, l ≥ 0, and reals α, β. Our
functions f(x) were slowly-varying functions of x that had been numerically computed at discrete values. As
a piecewise-polynomial interpolation of f(x) is an appropriate description of such a function, it was natural
to consider indefinite integrals of the form∫
dxxnjl(αx) and
∫
dxxnjk(αx)jl(βx) (2)
to numerically compute our integrals. Because the spherical Bessel functions can oscillate wildly when αx
and/or βx are large, it was important that these integrals be computed analytically.
We searched the literature for integration methods for integrands involving spherical Bessel functions. We
found a number of results regarding definite integrals over an infinite range [1–4], but very little regarding
indefinite integrals. Results for Bessel functions (with integer order) appear to be much more commonplace
[5]. NIST’s Digital Library of Mathematical Functions [6] was unhelpful, and even the venerable Gradshteyn
and Rhyzik [7] provided little assistance.
Wolfram Research [8] had some of the integrals that we wanted and Mathematica could integrate a few
more, but essentially all these results were written in terms of generalized hypergeometric Fp q functions. As
these general functions are not available in typical scientific libraries, we set out to derive our own results.
This paper presents analytic results for indefinite integrals of the form (2) with integer n, integers k, l ≥ 0
and reals α and β1. The results have been constructed with an eye towards numerical implementation in
a language like C or Python, and hence are written only in terms of special functions that are commonly
available in scientific libraries. For some expressions, we find closed-form results, while for others, we derive
recursion relations that decrease the the order of spherical Bessel functions appearing in the integrals. For
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the class of integrals we consider, all recursion relations terminate with closed-form solutions. This only
occurs for spherical Bessel functions with integer order, as integrals involving j0(x) = sinc(x) are analytically
tractable (unlike integrals involving J0(x)). To our knowledge, the recursion relations we derive are new, as
are some of the closed-form solutions that we present.
We begin this paper by describing well-known properties of spherical Bessel functions. We then construct
some preliminary quantities which appear in the general integrals, before treating the single and product
integrals in turn. An appendix translates applicable results to ordinary Bessel functions.
II. OVERVIEW OF SPHERICAL BESSEL FUNCTIONS
We begin by presenting well-known results regarding spherical Bessel functions. Spherical Bessel functions
are the solutions to the differential equation
x2
d2y
dx2
+ 2x
dy
dx
+ [x2 − l(l + 1)]y = 0. (3)
They are indexed by the order l. Two independent solutions are jl(x) and yl(x), the spherical Bessel functions
of the first and second kind, respectively. These functions are related to ordinary Bessel functions by
jl(x) =
√
pi
2x
Jl+1/2(x) and yl(x) =
√
pi
2x
Yl+1/2(x) = (−1)l+1
√
pi
2x
J−l−1/2(x). (4)
The spherical Bessels can be computed from Rayleigh’s formulas
jl(x) = (−x)l
(
1
x
d
dx
)l
sinx
x
and yl(x) = −(−x)l
(
1
x
d
dx
)l
cosx
x
. (5)
For integer l, the spherical Bessel functions of the first and second kind are related to each other by
j−(l+1)(x) =
√
pi
2x
J−l−1/2(x) = (−1)l+1yl(x). (6)
In this paper, we concern ourselves only with the spherical Bessel functions of the first kind with integer
order l ≥ 0. The first few jl(x) are as follows.
j0(x) =
sinx
x
= sinc(x) (7a)
j1(x) =
sinx
x2
− cosx
x
(7b)
j2(x) =
(
3
x2
− 1
)
sinx
x
− 3 cosx
x2
(7c)
This pattern continues for higher orders, and all jl(x) with natural l can be written as a sum of sines and
cosines multiplied by inverse powers of x.
We will restrict ourselves to positive arguments x, although jl(x) is defined over the entire complex plane.
Negative arguments of jl(x) are related to positive arguments by
jl(−x) = (−1)ljl(x). (8)
(A more general relation applies for complex x or non-integer l.)
Spherical Bessel functions satisfy two important recursion relations which can be combined to construct
further relations.
jl(x) =
l − 1
x
jl−1(x)− ∂xjl−1(x) (9a)
jl(x) =
2l − 1
x
jl−1(x)− jl−2(x) (9b)
2
Spherical Bessel functions satisfy a closure relation∫ ∞
0
x2jl(kx)jl(k
′x)dx =
pi
2k2
δ(k − k′) (10)
where δ is the Dirac delta function, as well as an orthogonality relation∫ ∞
−∞
jk(x)jl(x)dx =
pi
2l + 1
δkl (11)
for k, l ∈ N, where δkl is the Kronecker delta.
A number of infinite integrals over spherical Bessel functions are known [3].∫ ∞
0
jl(x)dx =
√
pi Γ
(
l+1
2
)
2 Γ
(
1 + l2
) (12)∫ ∞
0
jl(x)
2dx =
pi
2(2l + 1)
(13)∫ ∞
0
jl(kx)jl(k
′x)dx =
pi
2(2l + 1)
(k<)
l
(k>)l+1
(14)
Here, k< and k> are the smaller and larger of k and k
′ respectively.
The recursion relationships described in the rest of this paper excel when performing integrals over many
oscillations. If one is trying to perform integrals over few if any oscillations at low x, quadrature methods
will likely be better than the recursion methods, which can develop formally canceling divergences at x = 0
(this is a well-known issue in evaluating Bessel function recursion relations [5]). From linear regression on
0 ≤ l ≤ 100, the first zero of jl(x) occurs roughly around
x ≈ 4.75 + 1.05l. (15)
Knowledge of the location of the first zero of the integrand can help in determining which computational
method to use. Note that this is an overestimate for very low l; j0(x) has its first zero at x = pi.
It is also worth knowing the behavior of jl(x) near x = 0. At x = 0, j0(0) = 1, while jl(x) = 0 for l > 0.
The series expansion of jl(x) about x = 0 is given by
jl(x) = x
l
( √
pi
2l+1 Γ
(
l + 32
) +O(x2)) . (16)
III. PRELIMINARIES
Because spherical Bessel functions can be written in terms of sines and cosines divided by powers of their
argument, we will often encounter integrals of the form
Xn(x) =
∫
dxxn sin(x) (17)
Yn(x) =
∫
dxxn cos(x) (18)
for integer n. It will be useful to be able to compute these efficiently.
Integrating by parts, we obtain the following two recursion relations.
Xn(x) = nYn−1(x)− xn cos(x) (19)
Yn(x) = x
n sin(x)− nXn−1(x) (20)
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If n > 0, these relations allow us to step down by a single n, terminating at n = 0 with
X0(x) = − cos(x) and Y0(x) = sin(x). (21)
For n < 0, we can invert these recursion relations to allow us to step upwards in n.
Xn(x) =
1
n+ 1
[xn+1 sin(x)− Yn+1(x)] (22)
Yn(x) =
1
n+ 1
[xn+1 cos(x) +Xn+1(x)] (23)
These recursions terminate at n = −1 with the special functions
X−1(x) = Si(x) =
∫ x
0
sin(t)
t
dt (24)
Y−1(x) = Ci(x) = −
∫ ∞
x
cos(t)
t
dt (25)
where Si(x) is the sine integral, and Ci(x) is the cosine integral. These special functions are available in
scientific libraries such as SciPy and GSL.
We now look closely at x = 0. We have X0(0) = −1 and Y0(0) = 0. These can be used to obtain
Xn(0) = Yn(0) = 0 for all n > 0. Looking towards negative n, we have X−1(0) = 0, and Xn(0) is divergent
for n < −1. Yn(0) is divergent for all n < 0.
In the following sections, we will encounter expressions of the form Xn(αx)/α
n+1 and Yn(αx)/α
n+1. In
the regime where αx . pi, we recommend using numerical quadrature. For n ≥ 0, one can also turn to series
expansions.
Xn(αx)
αn+1
=
∫
dxxn sin(αx) = −Γ(n+ 1) cos(npi/2)
αn+1
+ αxn+2
(
1
2 + n
− α
2x2
6(4 + n)
+
α4x4
120(6 + n)
+O((αx)6)
)
(26)
Yn(αx)
αn+1
=
∫
dxxn cos(αx) =
Γ(n+ 1) sin(npi/2)
αn+1
+ xn+1
(
1
1 + n
− α
2x2
2(3 + n)
+
α4x4
24(5 + n)
+O((αx)6)
)
(27)
Note the presence of constant terms that turn on and off with n. In the case of n = −1, we suggest using
expansions for the sine and cosine integrals. For lower n, we were unable to find appropriate expansions, and
urge care if numerical results are required in this regime.
IV. INTEGRALS OF A SINGLE SPHERICAL BESSEL
We now turn towards integrals of the form
Inl (x;α) =
∫
dxxnjl(αx) (28)
with n ∈ Z, l ∈ N, and α ∈ R. The special case of α = 0 simplifies the integral drastically, and so we assume
α 6= 0. A substitution then yields
Inl (x;α) = α
−n−1Inl (αx) (29)
where we define
Inl (x) =
∫
dxxnjl(x). (30)
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Using the small x behavior of jl(x), we see that I
n
l (x) is finite at x = 0 for l + n > −1.
To evaluate Inl (x), we begin by looking at l = 0. Because j0(x) = sin(x)/x, we immediately have
In0 (x) =
∫
dxxn−1 sin(x) = Xn−1(x). (31)
Of particular note is I00 (x) = Si(x).
For l > 0, we use the recursion relationship
jl(x) =
l − 1
x
jl−1(x)− ∂xjl−1(x) (32)
to compute
Inl (x) =
∫
dxxn
[
l − 1
x
jl−1(x)− ∂xjl−1(x)
]
= (l + n− 1)In−1l−1 (x)− xnjl−1(x). (33)
This allows l to decrease by one each step, recursing until l = 0 with In−l0 (x) ≡ Xn−l−1(x).
The recursion will run through (l, n) pairs as (l − i, n− i) for integer i where 0 ≤ i ≤ l. There are l + 1
steps, assuming the recursion doesn’t truncate from the (l + n− 1) term vanishing. To truncate, we must
have l + n odd. The recursion will then truncate when i = (l + n− 1)/2. Due to the range of i, this further
requires 1− l ≤ n ≤ 1 + l.
Mathematica will integrate Inl (x) directly, expressing the result in terms of a hypergeometric F1 2 function.
For special choices of parameters, the hypergeometric function yields simpler functions. These results can be
directly verified by differentiation and use of the spherical Bessel recursion relations (9).
I2+ll (x) = x
2+ljl+1(x) (34)
I4+ll (x) = x
3+l[(2l + 3)jl+2(x)− xjl+3(x)] (35)
I1−ll (x) =
√
pi2−l
Γ
(
l + 12
) − x1−ljl−1(x) (36)
Generally speaking, n = l + Ω and n = 1− l + Ω for positive even Ω yield results similar to these, but the
expressions quickly become more complicated as Ω increases.
V. INTEGRALS OF A SPHERICAL BESSEL SQUARED
Let us now look towards the following integral.
Hnl (x;α) =
∫
dxxnjl(αx)
2 (37)
Again, α = 0 drastically simplifies the integral, and so we assume α 6= 0. We again perform a substitution to
obtain
Hnl (x;α) = α
−n−1Hnl (αx) (38)
where we have defined
Hnl (x) =
∫
dxxnjl(x)
2. (39)
From a series expansion of the integrand, Hnl (x) is finite at x = 0 for 2l + n > −1.
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We once again start with the l = 0 case, writing j0(x) = sin(x)/x. By further writing sin
2(x) =
(1− cos(2x))/2, we obtain
Hn0 (x) =
∫
dxxnj0(x)
2 =
1
2
∫
dxxn−2 − 1
2n
Yn−2(2x). (40)
If n 6= 1, this becomes
Hn0 (x) =
xn−1
2(n− 1) −
1
2n
Yn−2(2x), (41)
while for n = 1, we instead have
H10 (x) =
1
2
[ln(x)− Ci(2x)] . (42)
This is finite in the limit of small x,
H10 (x) = −
γ + ln(2)
2
+
x2
2
− x
4
12
+O(x6) (43)
where γ is the Euler-Mascheroni constant.
We now turn to the case of l > 0. Note the following relationship, which can be verified by using the
recursion relationships (9).
∂x
[(
1− n
2
)
xn−1jl−1(x)2 − xnjl−1(x)jl(x)
]
=
1
2
(2− n)(2l + n− 3)xn−2jl−1(x)2 + xnjl(x)2 − xnjl−1(x)2
(44)
Performing an indefinite integral over x leads to(
1− n
2
)
xn−1jl−1(x)2 − xnjl−1(x)jl(x) = 1
2
(2− n)(2l + n− 3)Hn−2l−1 (x) +Hnl (x)−Hnl−1(x) (45)
where constants of integration are included in the H functions. This result can be rearranged to solve for
Hnl (x).
Hnl (x) = H
n
l−1(x) +
1
2
(n− 2)(2l + n− 3)Hn−2l−1 (x) +
(
1− n
2
)
xn−1jl−1(x)2 − xnjl−1(x)jl(x) (46)
This allows us to recurse to lower l values, which can be repeated until we get to Hn0 (x), which has been
evaluated above.
Mathematica will compute Hnl (x) directly in terms of a hypergeometric F2 3 function. For special values of
the parameters, the hypergeometric function simplifies to simpler functions. Once again, these results can be
directly verified by differentiation and use of the spherical Bessel recursion relations (9).
H
(−1)
l (x) =
∫
dx
jl(x)
2
x
=
x2jl−1(x)2 − 2lxjl−1(x)jl(x) + (x2 − l)jl(x)2
2l(l + 1)
(47)
H
(1−2l)
l (x) =
∫
dxx1−2ljl(x)2 =
pi
4l+1lΓ
(
l + 12
)2 − x2(1−l)(jl−1(x)2 + jl(x)2)4l (48)
H2l (x) =
∫
dxx2jl(x)
2 =
x3
2
(
jl(x)
2 − jl−1(x)jl+1(x)
)
(49)
H4l (x) =
∫
dxx4jl(x)
2 =
x2
12
(
− (2l + 3)(4l2 + 2x2 − 1)jl(x)jl−1(x) + x(4l(l + 1) + 2x2 − 3)jl−1(x)2
+ x(4l(l + 2) + 2x2 + 3)jl(x)
2
)
(50)
H2l+3l (x) =
∫
dxx2l+3jl(x)
2 =
x2(l+2)
4(l + 1)
(
jl(x)
2 + jl+1(x)
2
)
(51)
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Further closed-form expressions exist for n = Ω, n = 1− 2l + Ω and n = 2l + 1 + Ω with positive even Ω,
although the complexity rapidly increases with Ω. It is useful to note that these analytic results often allow
for an early termination to the recursion relationships, without having to recurse all the way down to l = 0.
VI. INTEGRALS OF TWO SPHERICAL BESSELS, SAME ORDER
We now turn to integrals of two spherical functions that have the same order.
Knl (x;α, β) =
∫
dxxnjl(αx)jl(βx) (52)
If α or β = 0, the integral simplifies significantly, while if α = β, we reduce to a previous case. Hence, we
assume α 6= β 6= 0. Note that Knl is symmetric in α and β. As for Hnl (x), Knl (x;α, β) is finite at x = 0 for
2l + n > −1.
We once again begin with l = 0. Writing j0(x) = sin(x)/x, we obtain
Kn0 (x;α, β) =
1
αβ
∫
dxxn−2 sin(αx) sin(βx). (53)
Noting that
sin(αx) sin(βx) =
1
2
[cos((α− β)x)− cos((α+ β)x)] , (54)
the integral can be evaluated to yield
Kn0 (x;α, β) =
1
2αβ
[
1
(α− β)n−1Yn−2((α− β)x)−
1
(α+ β)n−1
Yn−2((α+ β)x)
]
. (55)
If |α| ∼ |β|, then care must be taken in computing these quantities (see Section III).
For l > 0, we again construct a derivative relationship.
∂x
[
xn−1
2αβ
[(2− n)jl−1(αx)jl−1(βx)− x(βjl−1(αx)jl(βx) + αjl(αx)jl−1(βx))]
]
= xnjl(αx)jl(βx)− 1
2αβ
(n− 2)(n+ 2l − 3)xn−2jl−1(αx)jl−1(βx)− α
2 + β2
2αβ
xnjl−1(αx)jl−1(βx) (56)
This can be derived using the recursion relations (9). Performing an indefinite integral over x, we obtain
xn−1
2αβ
[(2− n)jl−1(αx)jl−1(βx)− x(βjl−1(αx)jl(βx) + αjl(αx)jl−1(βx))]
= Knl (x;α, β)−
1
2αβ
(n− 2)(n+ 2l − 3)Kn−2l−1 (x;α, β)−
α2 + β2
2αβ
Knl−1(x;α, β) . (57)
Once again, constants of integration are absorbed into the definition of K. Solving for Knl (x;α, β), we obtain
the following recursion relation.
Knl (x;α, β) =
1
2αβ
[
(α2 + β2)Knl−1(x;α, β) + (n− 2)(n+ 2l − 3)Kn−2l−1 (x;α, β)
+ (2− n)xn−1jl−1(αx)jl−1(βx)− xn[βjl−1(αx)jl(βx) + αjl(αx)jl−1(βx)]
]
(58)
In the limit α = β = 1, this reduces to the recursion relation (46) for Hnl (x).
The only closed-form solution we could find for integrals of this type is
K2l (x;α, β) =
∫
dxx2jl(αx)jl(βx) =
x2
α2 − β2 [βjl(αx)jl−1(βx)− αjl−1(αx)jl(βx)] . (59)
Once again, this can be checked by differentiation and application of the recursion relations (9).
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VII. INTEGRALS OF TWO SPHERICAL BESSELS, DIFFERENT ORDER
We now consider our final integral, where we allow for the order of the Bessel functions to be different.
Lnkl(x;α, β) =
∫
dxxnjk(αx)jl(βx) (60)
If α = 0 or β = 0, the integral once again simplifies drastically, and so we assume that α and β are nonzero
real numbers. From series expansions of the integrand, Lnkl(x;α, β) is finite at x = 0 for k + l + n > −1.
Our approach in this case is to reduce the larger of the two orders through repeated application of the
recursion relations (9). Assuming that k < l, we obtain
Lnkl(x;α, β) =
∫
dxxnjk(αx)
[
2l − 1
βx
jl−1(βx)− jl−2(βx)
]
=
2l − 1
β
Ln−1k(l−1)(x;α, β)− Lnk(l−2)(x;α, β). (61)
We can use this repeatedly until either l = k, in which case the K integrals apply, or l = k + 1, which we now
evaluate explicitly.
Consider the result
∂x
(
xn+1jl−1(αx)jl(βx)
)
= (n− 1)xnjl−1(αx)jl(βx) + βxn+1jl−1(αx)jl−1(βx)− αxn+1jl(αx)jl(βx) (62)
which can be verified by differentiation and application of the recursion relations (9). Integrating this over x
yields
xn+1jl−1(αx)jl(βx) = (n− 1)Lnl−1,l(x;α, β) + βKn+1l−1 (x;α, β)− αKn+1l (x;α, β) (63)
where constants of integration are absorbed into the functions. Rearranging, we then find
Lnl−1,l(x;α, β) =
1
n− 1
(
xn+1jl−1(αx)jl(βx) + αKn+1l (x;α, β)− βKn+1l−1 (x;α, β)
)
. (64)
The recursion relations may also terminate at Ln10(x;α, β) = L
n
01(x;β, α), which we now compute.
Ln01(x;α, β) =
∫
dxxn
sin(αx)
αx
(
sin(βx)
β2x2
− cos(βx)
βx
)
(65)
=
1
2αβ2
∫
dxxn−3
[
cos((α− β)x)− cos((α+ β)x)
]
− 1
2αβ
∫
dxxn−2
[
sin((α− β)x) + sin((α+ β)x)
]
(66)
=
1
2αβ2
[
1
(α− β)n−2Yn−3((α− β)x)−
1
(α+ β)n−2
Yn−3((α+ β)x)
]
− 1
2αβ
[
1
(α− β)n−1Xn−2((α− β)x) +
1
(α+ β)n−1
Xn−2((α+ β)x)
]
(67)
If |α| ∼ |β|, then these quantities will again need to be computed carefully (see Section III).
We were only able to find one closed-form relation for general Lnkl(x;α, β).
(α2 − β2)L2kl(x;α, β) + [l(l + 1)− k(k + 1)]L0kl(x;α, β)
=
∫
dx [(α2 − β2)x2 + l(l + 1)− k(k + 1)]jk(αx)jl(βx) (68)
= βx2jk(αx)jl−1(βx)− αx2jk−1(αx)jl(βx) + (k − l)xjk(αx)jl(βx) (69)
Unfortunately, this is not a particularly useful formula unless the exact combination depicted here arises.
However, special limits such as α = β or k = l do yield useful results, as shown above and below.
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If we restrict ourselves to the case of α = β, much more can be derived. Let us begin by defining
Lnkl(x) =
∫
dxxnjk(x)jl(x) (70)
so that
Lnkl(x;α, α) = α
−1−nLnkl(αx). (71)
Note that Lnkl(x) is symmetric under interchange of k and l. Again, the basic idea will be to use a recursion
relation to decrease the highest of k or l by using Eq. (61). In the case of k = l − 1, instead of Eq. (64), we
have the simpler result
Ln(l−1)l(x) = (l − 1)Hn−1l−1 (x)−
∫
dxxnjl−1(x)∂xjl−1(x) =
(
l +
n
2
− 1
)
Hn−1l−1 (x)−
1
2
xnjl−1(x)2. (72)
If needed, Ln01(x) can be computed by
Ln01(x) =
∫
dxxn−2 sin(x)
(
sin(x)
x
− cos(x)
)
(73)
=
∫
dx
(
xn−3
2
− x
n−3 cos(2x)
2
− x
n−2 sin(2x)
2
)
(74)
=
∫
dx
xn−3
2
− 1
2n−1
Yn−3(2x)− 1
2n
Xn−2(2x). (75)
Lnkl(x) can be expressed directly in terms of a rather messy hypergeometric F3 4 function. We found that
certain special choices of parameters lead to simplifications in the hypergeometric function that allow the
result to be written quite cleanly. As always, these results can be verified by differentiation and application
of recursion relations (9).
L0kl(x) =
∫
dx jk(x)jl(x) =
x
k(k + 1)− l(l + 1) [x(jk−1(x)jl(x)− jk(x)jl−1(x)) + (l − k)jk(x)jl(x)]
(76)
L−1kl (x) =
∫
dx
jk(x)jl(x)
x
=
jk(x)jl(x)
k + l
− xjk+1(x)jl(x)
(1 + k − l)(k + l) −
xjk(x)jl+1(x)
(1 + l − k)(k + l)
+
2x2(jk+1(x)jl+1(x) + jk(x)jl(x))
(k + l)(2 + k + l)(1 + k − l)(1 + l − k) (77)
L1−k−lkl (x) =
∫
dxx1−k−ljk(x)jl(x) =
pi
2k+l+1(k + l) Γ
(
k + 12
)
Γ
(
l + 12
)
− x
2−k−l(jk−1(x)jl−1(x) + jk(x)jl(x))
2(k + l)
(78)
Ll−k+2kl (x) =
∫
dxxl−k+2jk(x)jl(x) =
x−k+l+3
2(k − l − 1)
(
jk−1(x)jl+1(x)− jk(x)jl(x)
)
(79)
Lk+l+3kl (x) =
∫
dxxk+l+3jk(x)jl(x) =
xk+l+4
2(k + l + 2)
(
jk+1(x)jl+1(x) + jk(x)jl(x)
)
(80)
Further closed-form expressions are available for n = k − l + Ω, n = l − k + Ω, n = k + l + 1 + Ω and
n = 1− k − l + Ω with positive even Ω, although once again, the expressions quickly become complicated as
Ω increases.
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VIII. CONCLUSIONS
We have investigated indefinite integrals of powers of x multiplying one or two spherical Bessel functions
of the first kind with integer order l ≥ 0. In the process, we presented a number of closed-form indefinite
integrals and constructed recursion relations to allow the numerical computation of all the integrals we
considered.
The recursion techniques that we have presented are highly complementary to numerical quadrature
methods. When integrating spherical Bessel functions over many oscillations, our expressions allow for
accurate computations in situations where quadrature methods suffer. On the other hand, our recursion
relations have numerical issues at small x, where formal divergences are canceling, which ruins numerical
precision. In this regime, there are few if any oscillations and quadrature methods excel.
In the regime in which we don’t need to worry about canceling divergences, we have compared a numerical
implementation of our results to Mathematica’s high-precision numerical integration, with excellent results.
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Appendix A: Results translated into ordinary Bessel functions
In this appendix, we translate our results into expressions involving ordinary Bessel functions. While the
results translate perfectly well, the recursion relations typically do not terminate. Apart from the recursion
relations, a number of these results appear in the literature, e.g., [9].
1. Single Bessel integrals
The following are translations of Eqs. (33), (34), (35) and (36) respectively.
∫
dxxnJl(x) = (l + n− 1)
∫
dxxn−1Jl−1(x)− xnJl−1(x) (A1)∫
dxxl+1Jl(x) = x
l+1Jl+1(x) (A2)∫
dxxl+3Jl(x) = x
2+l[2(l + 1)Jl+2(x)− xJl+3(x)] (A3)∫
dxx1−lJl(x) =
2−l
Γ(l)
− x1−lJl−1(x) (A4)
2. Bessel Squared integrals
The following are translations of Eqs. (46), (47), (48), (49), (50) and (51) respectively.
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∫
dxxnJ(x)2 =
∫
dxxnJl−1(x)2 +
1
2
(n− 1)(2l + n− 3)
∫
dxxn−2Jl−1(x)2
+
1− n
2
xn−1Jl−1(x)2 − xnJl(x)Jl−1(x) (A5)∫
dxx−2Jl(x)2 =
2x2Jl−1(x)2 − (4l − 2)xJl−1(x)Jl(x) + (2x2 + 1− 2l)Jl(x)2
x(4l2 − 1) (A6)∫
dxx1−2lJl(x)2 =
2
4l(2l − 1)Γ(l)2 −
x2(1−l)(Jl−1(x)2 + Jl(x)2)
2(2l − 1) (A7)∫
dxxJl(x)
2 =
x2
2
(
Jl(x)
2 − Jl−1(x)Jl+1(x)
)
(A8)∫
dxx3Jl(x)
2 =
x
6
(
− (l + 1)(4l2 − 4l + 2x2)Jl(x)Jl−1(x) + x(2l2 + x2 − 2)Jl−1(x)2
+ x(2l2 + 2l + x2)Jl(x)
2
)
(A9)∫
dxx2l+1Jl(x)
2 =
x2l+2
2(2l + 1)
(
Jl(x)
2 + Jl+1(x)
2
)
(A10)
3. Two Bessels, Same Order
The following are translations of Eqs. (58) and (59) respectively.
2αβ
∫
dxxnJl(αx)Jl(βx) = (α
2 + β2)
∫
dxxnJl−1(αx)Jl−1(βx)
+ (n− 1)(n+ 2l − 3)
∫
dxxn−2Jl−1(αx)Jl−1(βx)
+ (1− n)xn−1Jl−1(αx)Jl−1(βx)− xn[βJl−1(αx)Jl(βx) + αJl(αx)Jl−1(βx)]
(A11)∫
dxxJl(αx)Jl(βx) =
x
α2 − β2 [βJl(αx)Jl−1(βx)− αJl−1(αx)Jl(βx)] (A12)
4. Two Bessels, Different Order
The following are translations of Eqs. (61), (64) and (69) respectively.∫
dxxnJk(αx)Jl(βx) =
2(l − 1)
β
∫
dxxn−1Jk(αx)Jl−1(βx)−
∫
dxxnJk(αx)Jl−2(βx) (A13)
n
∫
dxxnJl−1(αx)Jl(βx) = xn+1Jl−1(αx)Jl(βx) + α
∫
dxxn+1Jl(αx)Jl(βx)
− β
∫
dxxn+1Jl−1(αx)Jl−1(βx) (A14)
(α2 − β2)
∫
dxxJk(αx)Jl(βx) = (k
2 − l2)
∫
dx
Jk(αx)Jl(βx)
x
+ βxJk(αx)Jl−1(βx)
− αxJk−1(αx)Jl(βx) + (k − l)Jk(αx)Jl(βx) (A15)
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The following are translations of Eqs. (72), (76), (77), (78), (79) and (80) respectively.∫
dxxnJl−1(x)Jl(x) =
(
l +
n
2
− 1
)∫
dxxn−1Jl−1(x)2 − 1
2
xnJl−1(x)2 (A16)∫
dx
Jk(x)Jl(x)
x
=
1
k2 − l2
(
x[Jk−1(x)Jl(x)− Jk(x)Jl−1(x)] + (l − k)Jk(x)Jl(x)
)
(A17)∫
dx
Jk(x)Jl(x)
x2
=
Jk(x)Jl(x)
x(k + l − 1) −
Jk+1(x)Jl(x)
(1 + k − l)(k + l − 1) −
Jk(x)Jl+1(x)
(1 + l − k)(k + l − 1)
+
2x[Jk+1(x)Jl+1(x) + Jk(x)Jl(x)]
(k + l − 1)(k + l + 1)(1 + k − l)(1 + l − k) (A18)∫
dxx1−k−lJk(x)Jl(x) =
1
2k+l−1(k + l − 1)Γ(k)Γ(l) −
x2−k−l(Jk−1(x)Jl−1(x) + Jk(x)Jl(x))
2(k + l − 1) (A19)∫
dxxl−k+1Jk(x)Jl(x) =
xl−k+2
2(k − l − 1)
(
Jk−1(x)Jl+1(x)− Jk(x)Jl(x)
)
(A20)∫
dxxk+l+1Jk(x)Jl(x) =
xk+l+2
2(k + l + 1)
(
Jk+1(x)Jl+1(x) + Jk(x)Jl(x)
)
(A21)
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